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INTRODUCTION AND SUMMARY 
The behavior of t h e  i o n i z a t i o n  c r o s s  s e c t i o n  n e a r  t h e  
t h r e s h o l d  i s  determined by t h e  i n t e r a c t i o n  of p a r t i c l e s  a t  
g r e a t  d i s t a n c e s .  I f  t h e  f o r c e s  between a l l  three p a r t i c l e s  
f l y i n g  a p a r t  are shor t - range  f o r c e s ,  t hen  u ioniz Q E 2  [ l] .  
on t h e  o the r  hand, t w o  of  the p a r t i c l e s  are a t t rac ted  t o  each 
o ther  according t o  Coulomb's l a w  and i n t e r a c t  w i t h  t h e  t h i r d  
ming t h a t  t h e  i n t e r a c t i o n  fo rce  between t w o  p a r t i c l e s  f l y i n g  
a p a r t  i s  a shor t - range  force and t h a t  t h e  a t t r a c t i o n  of both  
p a r t i c l e s  t o  t h e  t h i r d  one is  a Coulomb force, w e  o b t a i n  
I f ,  
one by means of shor t - range  forces, t hen  G ioniz -ET a [ 2 ] .  Assu- 
i o n i z  T, E [ 3 ] .  
O f  g r e a t  p r a c t i c a l  importance i n  t h e  theo ry  of e l e c t r o n -  
a tomic c o l l i s i o n s  i s  t h e  case when 2 p a r t i c l e s  ( e l e c t r o n s )  r e p e l  
each o ther  and are a t t r a c t e d  to a t h i r d  p a r t i c l e  ( i o n )  by Coulomb 
forces. I n  t h i s  case, var ious  and i n s u f f i c i e n t l y  a c c u r a t e  approxi-  
mat ions y i e l d  g r e a t l y  d i f f e r i n g  r e s u l t s .  Thus, i n  a Born approxi-  
mation 0 i o n i z , - ~ z ,  w h i l e  i n  a Coulomb-Born approximation cr io iz 
More p r e c i s e  c a l c u l a t i o n s  [ 4 , 5 1  a l so  y i e l d  one of these r u l e s  8e- 
pending upon which p a r t  of the Coulomb i n t e r a c t i o n  i s  taken  i n t o  
account  w i t h  g r e a t e r  p r e c i s i o n .  These d i f f e r e n c e s  show t h a t  i n  
order t o  o b t a i n  a correct  t h r e s h o l d  dependence it i s  necessa ry  t o  
a c c u r a t e l y  account  f o r  a l l  Coulomb i n t e r a c t i o n s ,  none of  which 
b e i n g  cons idered  as shor t - range  i n t e r a c t i o n .  One such method o f  
c a l c u l a t i o n  was proposed by Wannier [ 6 1 ,  who found t h a t  t h e  t o t a l  
i o n i z a t i o n  cross s e c t i o n  of  a n e u t r a l  atom is  p r o p o r t i o n a l  t o  
- 3  E. 
E1.127 
Experimental  r e s u l t s  171 a l s o  i n d i c a t e  s m a l l  d e v i a t i o n s  from 
l i n e a r i t y .  
I n  t h i s  a r t i c l e ,  t h e  angular  and energy d i s t r i b u t i o n  of 
e l e c t r o n s  e scap ing  a f te r  i o n i z a t i o n  i s  i n v e s t i g a t e d  n e a r  t h e  
t h r e s h o l d  by t h e  Wannier 's  method. I n  t h e  f i r s t  s e c t i o n ,  a b r i e f  
+ R f i h s e  7fiub7e E / l e ~ T @ ~ a o I j  
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d e s c r i p t i o n  i s  given of Wannier 's  method i n  a s l i g h t l y  modif ied 
form, from which it fo l lows  t h a t ,  i n  t h e  case of small e n e r g i e s ,  
e l e c t r o n s  escape i n  most cases  a f t e r  i o n i z a t i o n  i n t o  n e a r l y  op- 
p o s i t e  d i r e c t i o n s ,  i . e .  w i t h  e12-z << I .  F u r t h e r ,  it i s  shown t h a t ,  
as t h e  energy d e c r e a s e s ,  t h e  dependence of  t h e  complementary an- 
g u l a r  d i s t r i b u t i o n  on G12-z 
d i s t r i b u t i o n  width dec reases  p r o p o r t i o n a l l y  t o  ET, i f  t h e  charge 
remains s i m i l a r  a n d , t h a t  on ly  t h e  
of t h e  remaining i o n  Z i s  equa l  t o  1 o r  2 & 
h i g h e r  v a l u e s  of Z .  Y 
The energy d i s t r i b u t i o n  of e scap ing  e l e c t r o n s  w a s  a l s o  i n -  
v e s t i g a t e d .  For t h i s  purpose,  a numerical  i n t e g r a t i o n  of t h e  
d i f f e r e n t i a l  equa t ions  of motion was carried o u t .  I t  w a s  found 
t h a t  t h e  p r o b a b i l i t y  density.dwl,dh'l i s  p r a c t i c a l l y  independent  of 
t h e  d i s t r i b u t i o n  of e n e r g i e s  E l  and E, between e l e c t r o n s  (when 
Z = 1  i n  t h e  e n t i r e  i o n i z a t i o n  range t h e  p r o b a b i l i t y  d e n s i t y  varies 
w i t h i n  a 1% r a n g e ) .  I n  o r d e r  t o  f i n d  t h e  r easons  f o r  t h i s  r u l e ,  
a s tudy  w a s  made of  t h e  c a s e  when t h e  i n t e r a c t i o n  p o t e n t i a l s  a r e  
i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  squa res  of d i s t a n c e s .  Such a poten- 
t i a l  i s  n o t  found i n  n a t u r e ,  b u t ,  as Jacob i  has shown [ 8 ] ,  t h e  
e q u a t i o n s  of  motion adrnit i n  t h i s  case an a n a l y t i c a l  s o l u t i o n .  
I t  w a s  found t h a t  t h e  p r o b a b i l i t y  d e n s i t y  a l s o  remains p r a c t i c a l l y  
c o n s t a n t  i n  t h i s  case (when Z = 1  i n  t h e  e n t i r e  i o n i z a t i o n  range ,  
d e v i a t i o n s  do n o t  exceed 1% e i t h e r ) .  
THE WANNIER'S THEORY 
F i r s t ,  l e t  us b r i e f l y  examine, from a 
p o i n t ,  t h e  p rocess  of s i n g l e  i o n i z a t i o n  a t  
t h r e s h o l d .  
q u a l i t a t i v e  v i e w  
e n e r g i e s  c l o s e  t o  
Following a c o l l i s i o n ,  t w o  e l e c t r o n s  escape  from t h e  atom 
a t  a c e r t a i n  ang le  w i t h  r a t h e r  h igh  v e l o c i t i e s .  A s  t h e  d i s t a n c e s ,  
rl and r , from t h e s e  e l e c t r o n s  t o  t h e  remaining i o n  i n c r e a s e ,  
t h e i r  v e f o c i t i e s  decrease s i n c e  t h e  e l e c t r o n s  must overcome t h e  
a t t r ac t ive  f o r c e  o f  t h e  i o n .  A s  a r e s u l t  of  t h e  r e p u l s i o n  of t h e  
e l e c t r o n s  t h e  ang le  alz, between t h e i r  r a d i i  i n c r e a s e s ,  approaching 
T .  This  p rocess  goes on u n t i l  t h e  i n t e r a c t i o n  energy U (rl, r 2 ) a s  
rl and r2 i n c r e a s e  becomes cons iderably  lower t h a n  t h e  t o t a l  
energy E.  
I u (rl, r2) I << E. (1) 
F u r t h e r ,  each of t h e  two e l e c t r o n s  moves a lmost  a long  a 
s t r a i g h t  l i n e  and t h e i r  v e l o c i t i e s  and t h e  ang le  6,, vary  l i t t l e .  
The s m a l l e r  E ,  t h e  g r e a t e r  i s  t h e  area of  t h e  space  i n  which 
i n e q u a l i t y  (1) i s  n o t  f u l f i l l e d  and t h e  more d u r a b l e  ( i . e .  a t  
g r e a t  d i s t a n c e s )  i s  t h e  s u b s t a n t i a l  mutual r e p u l s i o n  of e l e c t r o n s  
s i g n i f i c a n t  and t h e  m o r e  accurate i s  t h e i r  e scape  i n t o  o p p o s i t e  
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d i r e c t i o n s .  A s  a r e s u l t ,  t h e  complementary ang le  of e l e c t r o n s  
e scap ing  a f t e r  i o n i z a t i o n  a s  E + 0 approaches IT i n  a l l  cases. 
The motion of t h e  e l e c t r o n s  i s  s u b j e c t  t o  t h e  l a w s  of quan- 
tum mechanics. When both  e l e c t r o n s  d r i f t  away t o  a s u f f i c i e n t l y  
g r e a t  d i s t a n c e  f r o m  t h e  ion  and f r o m  each  o t h e r ,  t h e  i n t e r a c t i o n  
p o t e n t i a l  changes s lowly  and  t h e  examinat ion of t h e  problem i s  
s i m p l i f i e d ,  s i n c e  t h e  r e s u l t s  of i t s  s o l u t i o n  by means of quantum 
and c lass ica l  mechanics are i d e n t i c a l .  A t  l o w  e n e r g i e s ,  t h e  boun- 
dary  between t h e  r eg ion  of  space i n  which quantum mechanics must 
be a p p l i e d  and t h e  r eg ion  where c lass ica l  mechanics can be used ,  
as w e l l  as t h e  n o t i o n  i t s e l f  i n  t h e  "quantum-mechanical" r e g i o n ,  
are p r a c t i c a l l y  independent  of E and remain n e a r l y  t h e  same as 
when E = 0 .  
But t h e  s m a l l e r  i s  E t h e  g r e a t e r  i s  t h e  r e g i o n  i n  which 
i n e q u a l i t y  (1) i s  n o t  f u l f i l l e d ,  and t h e  energy d i s t r i b u t i o n  
and t h e  r e c i p r o c a l  a n g l e  BI2, of e l e c t r o n s  vary .  
Thus, a t  s m a l l  v a l u e s  of E t h e  energy and t h e  com2lementary 
a n g u l a r  d i s t r i b u t i o n  of e l e c t r o n s  are determined mainly by t h e  
r eg ion  where t h e  motion can be described by c lass ica l  methods. 
For  t h i s  r eason ,  t h e  se t  up of t h e  t h r e s h o l d  l a w  can be divided 
i n t o  t w o  p a r t s .  F i r s t ,  by so lv ing  t h e  quantum-mechanical problem, 
w e  must determine t h e  p r o b a b i l i t i e s  w i t h  which e l e c t r o n s  w i t h  
given v e l o c i t i e s  f l y  i n t o  reg ion  of c l a s s i ca l  motion. .Then, con- 
s i d e r i n g  t h e s e  ve loc i t i e s  and c o o r d i n a t e s  as i n i t i a l  v a l u e s ,  w e  
must s o l v e  t h e  equat ion  of  c l a s s i c a l  mechanics and s tudy  t h e  
motion of e l e c t r o n s  as t -f a. I t  i s  d i f f i c u l t  t o  f i n d  an exact 
s o l u t i o n  f o r  t h e  f i rs t  pa r t  of t h e  problem. However, i n  o r d e r  
t o  o b t a i n  c e r t a i n  formulas f o r  t h e  t h r e s h o l d  behaviour  wi th  a 
p r e c i s i o n  t o  w i t h i n  c o n s t a n t  f a c t o r s  i t  i s  s u f f i c i e n t  t o  assume 
t h a t  t h e  e l e c t r o n s  f l y  i n t o  t h e  r e g i o n  of c lass ica l  motion w i t h  
a smooth v e l o c i t y  and d i r e c t i o n a l  d i s t r i b u t i o n .  
I t  i s  n o t  p o s s i b l e  t o  so lve  a l l  problems concerned w i t h  t h e  
t h r e s h o l d  behaviour  by us ing  such a s s u a p t i o n s ;  f o r  example, one 
cannot  f i n d  t h e  angu la r  d i s t r i b u t i o n  of e scap ing  e l e c t r o n s  w i t h  
r e s p e c t  t o  t h e  d i r e c t i o n  of motion of an i n c i d e n t  e l e c t r o n .  S ince  
t h e r e  are no founda t ions  t o  assume t h a t  i o n i z a t i o n  w i l l  t a k e  p l a c e  
n e a r  t h e  t h r e s h o l d  on ly  a t  a t o t a l  moment L = 0 ,  t h i s  d i s t r i b u t i o n  
w i l l  n o t  be i s o t r o p i c  and i n  o r d e r  t o  f i n d  i t s  form t h e  problem 
must be so lved  i n  t h e  "quantum-mechanical" r e g i o n .  
If L # O ,  c e n t r i f u g a l  terms %r-2 appear  i n  t h e  equa t ions  of 
motion. These t e r m s  have a weak effect  a t  g rea t  d i s t a n c e s  i n a s -  
much as they  decrease more r a p i d l y  t h a n  t h e  Coulomb t e r m s  (Qr-l). 
Furthermore i n  t h i s  a r t i c l e  w e  s h a l l  examine on ly  such problems 
f o r  which a t  s m a l l  E s u b s t a n t i a l  i s  mainly t h e  i n t e r a c t i o n  a t  
g rea t  v a l u e s  of r l a n d  r2; for t h i s  r eason  w e  s h a l l  assume t h a t  
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L = 0 ,  knowing t h a t  a t  o t h e r ,  no t  t o o  g r e a t * ,  v a l u e s  of  L ,  w e  
s h a l l  o b t a i n  t h e  same r e s u l t .  
L e t  us  now examine t h e  mathematical  d e r i v a t i o n s  of Wannier 's  
t heo ry .  Using a system of.  u n i t s  i n  which t h e  m a s s  and t h e .  charge 
of an e l e c t r o n  are e q u a l  t o  u n i t y ,  t h e  motion of e l e c t r o n s  i n  t h e  
r eg ion  where c lass ica l  mechanics are a p p l i c a b l e  can be  desc r ibed  
by t h e  fo l lowing  equa t ions :  
H e r e  Z i s  t h e  charge of t he  i o n  remaining a f t e r  i o n i z a t i o n .  
The m a s s  of t h i s  i on  i s  assumed t o  be i n f i n i t e .  S ince  t h e  r e g i o n  
examined h e r e  i s  l o c a t e d  f a r  beyond t h e  l i m i t s  of t h e  i o n ,  w e  as- 
sume t h a t  t h e  i o n  creates a p o t e n t i a l  Z r - I ,  which i s  independent  
of t h e  p o s i t i o n  of i t s  i n n e r  e l e c t r o n s .  
Equat ions ( 2 )  have an impor tan t  p r o p e r t y  which w i l l  be u t i -  
l i z e d  t o  a s i g n i f i c a n t  e x t e n t  f u r t h e r  i n  t h i s  a r t ic le .  
i s  t h e  s o l u t i o n  of (21 ,  t hen  f o r  any va lue  of  c o n s t a n t  B 
I f  ri=fi(t) 
( 3 )  3 r, = 13- fi (BZ t )  
i s  a l s o  a s o l u t i o n  of ( 2 ) .  T h i s  can be e a s i l y  v e r i f i e d  by s u b s t i -  
t u t i n g  ( 3 )  i n t o  ( 2 ) .  The t r a j e c t o r i e s  of t h e s e  s o l u t i o n s  are si- 
m i l a r  i n  form b u t  d i f f e r  i n  t h e i r  scales and e n e r g i e s .  I f  E i s  
t h e  energy o f  t h e  i n i t i a l  s o l u t i o n ,  t hen  t h e  energy of (3 )  i s  
e q u a l  to BE 
For t h e  i o n i z a t i o n  t o  take  p l a c e  it i s  necessa ry  t h a t  an 
e l e c t r o n  escape i n t o  t h e  i n f i n i t y  wi th  an energy i n  t h e  0 t o  E 
range .  The smaller i s  E t h e  smaller is t h e  range of i n i t i a l  
v a l u e s  corresponding t o  t h e  i o n i z a t i o n .  T o  c l a r i f y  t h e  t h r e s h o l d  
behaviour  of t h e  i o n i z a t i o n  c ros s  s e c t i o n ,  it i s  necessa ry  t o  
s t u d y  t h e  dependence o f  t h i s  range on E.  One case l e a d i n g  t o  
i o n i z a t i o n  can be e a s i l y  found. This  i s  t h e  case when bo th  elec- 
t r o n s  d r i f t  away from t h e  i o n  a long  a s i n g l e  s t r a i g h t  l i n e  i n  oppo- 
s i t e  d i r e c t i o n s ,  remaining a l l  t h e  t i m e  a t  e q u a l  d i s t a n c e s  from 
t h e  i o n  and moving w i t h  i d e n t i c a l  v e l o c i t y  ( i n  ce les t ia l  mechanics,  
t h i s  case i s  known as t h e  Lagrange c o l i n e a r  case): 
* The g r e a t e r  i s  L t h e  smaller i s  t h e  energy r eg ion  i n  which 
t h e  t h r e s h o l d  l a w s  examined i n  t h i s  a r t i c l e  are v a l i d .  
*' 5 
r1 = - r, r. . .  (4) 
S u b s t i t u t i n g  ( 4 )  i n t o  ( 2 )  w e  o b t a i n  t he  equa t ion  
1 
dsr 4 
dr' r? 1 
z-- 
-- _ -  
i n  t h e  s o l u t i o n  of which r and t are l i n k e d  by t h e  r e l a t i o n  - - 
w i t h  t o  and E as t h e  i n t e g r a t i o n  c o n s t a n t s .  F u r t h e r  i n  t h i s  
a r t ic le  w e  shal'l assume t h a t  to = 0 .  
formula ( 6 )  i s  reduced t o  
I n  t he  r eg ion  where Eri<<Z, 
and t h e  motion does n o t  depend on E.  The smaller i s  E t h e  l a r g e r  
i s  t h e  space  r eg ion  where ( 7 )  i s  f u l f i l l e d ,  and a t  l i m i t  E 7 0 
t h i s  equa t ion  i s  t r u e  i n  t h e  e n t i r e  space .  
I o n i z a t i o n  w i l l  t ake  p l ace  n o t  on ly  under the  i n i t i a l  condi- 
t i o n s  which l e a d  t o  r e l a t i o n s  ( 4 )  and ( 6 ) ,  b u t  a l s o  under  o ther  
c l o s e l y  re la ted cond i t ions .  I n  order t o  s tudy  s o l u t i o n s  close t o  
( 4 )  and ( 6 )  it is  convenient  t o  p a s s  f r o m  t h e  v a r i a b l e  rl and r2 
to r, Ar, 6r: 
rl = r + Ar f 8r; 
r2 = - r  +Ar + 6r, 
1 1 (rl $'r2). r = - (rl - r2), Ar 1 1  r Sr 1 r where - 2 w h i l e  and . a r e  components o f  2 
S u b s t i t u t i n q  ( 8 )  i n t o  ( 2 )  w e  f i n d  t h a t ,  when L = 0 and lArI<<r, 
] 6 r \  <<r, a v a r i a b l e  - r va lue  s a t i s f i e s  (5) and Ar and 6r s a t i s f y  t h e  
e q u a t i o n s  
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a t  t h e  same t i m e ,  t h e  d i r e c t i o n s  of these vectors do n o t  vary  
w i t h  t i m e .  I n  t h e  r eg ion  Er<<'Z, where ( 7 )  serves as t h e  so lu -  
t i o n  o f  (51 ,  E q .  ( 9 )  i s  reduced t o  
t h e  common s o l u t i o n  o f  which are t h e  fo l lowing  equa t ions :  
Taking ( 7 )  i n t o  account ,  t h e  independent v a r i a b l e  t i n  (11) and 
( 1 2 )  i s  r ep laced  by r. - - 
When Z < 2 ,  v i s  imaginary and C 3  = Ck  are complex q u a n t i -  
t ies .  
smaller than  1/2. Therefore, i n  t h e  r eg ion  where ( 1 2 )  i s  a p p l i -  
c a b l e  t h e  r a t i o  6 r / r  always decreases  as r i n c r e a s e s ,  i . e .  t h e  
ang le  between t h e  e l e c t r o n s  approaches TT. When Z i s  e q u a l  t o  
1 o r  2 ,  t hen ,  accord ing  t o  (12), 6 r / r  dec reases  p r o p o r t i o n a l l y  
t o  r-i- and i n  v i e w  o f  t h e  imaginary n a t u r e  of  I, it s t i l l  osc i l la tes  
n e a r  zero .  
I f  Z > 3 t h e s e  q u a n t i t i e s  are r e a l , 4 b u t  v i s  always 
- 
- 
The q u a n t i t y  1-1 i s  g r e a t e r  t han  5/2 f o r  a l l  v a l u e s  of Z .  There- 
fore ,  as r i n c r e a s e s  t h e  f i r s t  t e r m  i n  expres s ion  (11) decreases 
w h i l e  t h e s e c o n d  one i n c r e a s e s .  
bes  t h e  case when bo th  e l e c t r o n s  escape  from t h e  atom s imul taneous ly  
b u t  w i t h  somewhat d i f f e r e n t  v e l o c i t i e s .  This  d i f f e r e n c e  i n  ve loc i t ies  
i s  p r o p o r t i o n a l  . t o  C,. 
case when e l e c t r o n s  do n o t  escape f r o m  t h e  atom s imul t aneous ly ,  b u t  
t h e i r  v e l o c i t i e s  are such t h a t  t h e  c o n d i t i o n  r, = r2 i s  f u l f i l l e d  
f a r  f r o m  t h e  i o n .  The sum o f  both  t e r m s  r e p r e s e n t s  a g e n e r a l  case. 
When C ,  = 0 ,  t h e  second t e r m  d e s c r i -  
When C 2  = 0 ,  t h e  f i r s t  t e r m  d e s c r i b e s  t h e  
So lu t ions  (11) and ( 1 2 )  a r e  a p p l i c a b l e  i f  I A r l  +K r, J <<r. 
I n  m o s t  cases, a f te r  a c o l l i s i o n  both  e l e c t r o n s  e scape  from t h e  
a t o m  wi th  n o t i c e a b l y  d i f f e r e n t  v e l o c i t i e s  and t h e  i n e q u a l i t y  
, / A r  J << r i s  n o t  f u l f i l l e d .  However, w e  s h a l l  n o t  c o n s i d e r  such 
cases inasmuch as t h e r e  i s  no i o n i z a t i o n  i n  such a s i t u a t i o n .  A f t e r  
a q u a n t i t a t i v e  s tudy  of t h e  equat ions  of motion, Wannier found 
t h a t  i o n i z a t i o n  w i l l  t a k e  p l ace  a t  s m a l l  v a l u e s  o f  E on ly  i n  t h e  
case when t h e  e l e c t r o n  t ra jec tor ies  run through t h e  r eg ion  where (11) 
and ( 1 2 )  are a p p l i c a b l e * .  W e  s h a l l  n o t  b r i n g  f o r t h  h e r e  t h e  conclu- 
* I n  c e l e s t i a l  mechanics,  Sundman [ 9 ]  h a s  found a s m i l a r  r u l e ,  
namely wh.en t approaches the  moment of g e n e r a l  c o l l i s i o n  t h e  
c o n f i g u r a t i o n  formed by t h e  p a r t i c l e s  approximates (or  comes 
close t o )  one of t h e  two c o n f i g u r a t i o n s  c h a r a c t e r i z i n g  t h e  
Lagrange c o l e n e a r  o r  e q u i d i s t a n t  s o l u t i o n s .  
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s i o n  drawn by Wannier, b u t  we s h a l l  merely p o i n t  o u t  t h a t  t h i s  
conclus ion  i s  based mainly on two c o n s i d e r a t i o n s .  The i n e q u a l i t y  
, A  r j << r i s  f u l f i l l e d  because,  when E 5 i o n i z a t i o n  w i l l  t a k e  
p l a c e  only  when t h e  e l e c t r o n s  escape from t h e  a t o m  w i t h  v e l o c i t i e s  
r a t h e r  c l o s e  t o  each o t h e r .  O t h e r w i s e ,  t h e  slower e l e c t r o n  re- 
mains l o n g e r  i n  t h e  v i c i n i t y  of t h e  i o n ,  s h i e l d i n g  i t s  charge f o r  
t h e  f a s t e r  e l e c t r o n  and t h e r e f o r e  m o r e  d i s t a n t  w i t h  t i m e .  A s  a 
r e s u l t  t h e  k i n e t i c  energy of t h e  faster e l e c t r o n ,  does n o t  dec rease  
t o  a s u f f i c i e n t  e x t e n t  as t + CQ, i . e .  it s t a y s  g r e a t e r  t han  E ,  and 
no i o n i z a t i o n  t a k e s  p l a c e .  
I f  t h e  cond i t ion  i 8 r !  4.Z r i s  n o t  f u l f i l l e d  a t  t h e  o r i g i n  of t h e  
t r a j e c t o r y  t h e  mutual r e p u l s i o n  o f  e l e c t r o n s  w i l l  r e s u l t  i n  i t s  
f u l f i l l m e n t  du r ing  f u r t h e r  motion. 
T o  f i n d  t h e  t h r e s h o l d  behaviour of t h e  cross s e c t i o n  it i s  
necessa ry  t o  determine how t h e  e n e r g i e s  and t h e  complementary 
ang le  of  e l e c t r o n s  depend a t  i n f i n i t y  on C , ,  C , ,  C , ,  C, under t h e  
i n i t i a l  c o n d i t i o n s  (11) and ( 1 2 ) .  Moreover, one must be aware of 
t h e  p r o b a b i l i t y  d i s t r i b u t i o n  of e l e c t r o n s  f o r  these c o n s t a n t s  w i t h  
which they  escape  from t h e  region of "quantum-mechanical" motion 
and f l y  i n t o  t h e  r eg ion  where (11) and ( 1 2 )  are a p p l i c a b l e .  S ince  
t h e  "quantum-mechanical" region i s  s p a t i a l l y  l i m i t e d  ( i t s  dimen- 
s i o n s  are of  t h e  o r d e r  of several Bohr r a d i i )  and t h e  motion does 
n o t  depend on E when Er<<'Z ( i . e .  E appears  on ly  i n  h i g h e r  terms 
of  t h e  expansion i n  powers o f  E ) ,  w e  can assume t h a t  a t  s m a l l  E 
v a l u e s  t h e  e l e c t r o n s  f l y  i n t o  t h e  r eg ion  where (11) and ( 1 2 )  are 
a p p l i c a b l e  wi th  a smooth v e l o c i t y  and d i r e c t i o n a l  d i s t r i b u t i o n  
which i s  independent  of E. A s  a r e s u l t ,  i f  w e  are i n t e r e s t e d  
on ly  i n  t h e  f i r s t  t e r m  of  t h e  expansion i n  powers of E ,  t h e  proba- 
b i l i t y  d e n s i t y  o f  c o n s t a n t s  C i  may be cons ide red  as independent  o f  
E i n  t h e  case o f  s m a l l  v a l u e s  of E .  This  d e n s i t y  i s  s t a n d a r i z e d  
f o r  u n i t y  and t h e r e f o r e  approaches zero  a t  h igh  va lue  of  C i .  
For s m a l l  va lues  of  C i ,  t h e r e  i s  a l i n e a r  dependence between 
t h e  e n e r g i e s  o f  e l e c t r o n s  a t  i n f i n i t y  and C 1  and C 2  and between 
tneir  complementary a n g l e  and C3. and C 4 .  Using ( 3 )  w e  may de termine  
how t h e  r eg ion  of C i  v a l u e s ,  i n  which t h e  i n d i c a t e d  l i n e a r  depen- 
dence t a k e s  p l a c e ,  var ies ,  as E becomes s m a l l e r .  
According t o  ( 3 ) ,  t h e  dimensions of s i m i l a r  t ra jector ies  are 
i n v e r s e l y  p r o p o r t i o n a l  t o  E.  W e  s h a l l  o b t a i n  f o r  v a r i o u s  va lues  
of E s i m i l a r  t r a j e c t o r i e s  i f ,  i n  t h e  f n i t i a l  c o n d i t i o n s  (11) and 
and C , ,  C,  and C, propor- (121, w e  va ry  C, p r o p o r t i o n a l l y  t o  E - ' ; - ~ ~  * P  
1 ;  l v  1 v  -- -- 
t i o n a l l y  t o  E-C-Z E 4 .  2 and E r r  i- r e s p e c t i v e l y .  Sub jec- 
t i n g  t o  such a t r ans fo rma t ion  t h e  t ra jec tor ies ,  of  which t h e  ene r -  
g i e s  and t h e  ang le s  depend l i n e a r l y  on C i ,  w e  s h a l l  aga in  o b t a i n  
trajectories w i t h  l i n e a r  dependence. The re fo re ,  when E d e c r e a s e s ,  
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t h e  r eg ion  o f  - l i n e a r i t y  wi th  r e s p e c t  t o  C 2  w i l l  decrease propor- 
t i o n a l l y  t o  E : ; - ~ ~  ' J- w h i l e  t h e  regions of l i n e a r i t y  w i t h  r e s p e c t  t o  
c , ,  c3,  c 4  w i l l  i n c r e a s e  p r o p o r t i o n a l l y  t o  t h e  remaining 
above-mentioned powers of E .  A s  a r e s u l t ,  when E i s  s u f f i c i e n t l y  
s m a l l ,  t h e  dependence on C , ,  C , ,  C ,  w i l l  be  l i n e a r  (and t h e  smaller  
i s  E t h e  less s o )  i n  t h e  e n t i r e  r eg ion  where t h e  p r o b a b i l i t y  d e n s i t y  
of these c o n s t a n t s  i s  somewhat d i f f e r e n t  from z e r o .  T h i s  i s  why 
f o r  sma l l  E t h e  e n e r g i e s  of escaping e l e c t r o n s  are determined on ly  
by t h e  one c o n s t a n t  C 2 .  
The d i r e c t  f i n d i n g  o f  t h i s  dependence i s  made d i f f i c u l t  by 
t h e  f a c t  t h a t ,  i n  t h e  cases when t h e  e n e r g i e s  of  e l e c t r o n s  a t  i n -  
f i n i t y  d i f f e r  g r e a t l y ,  E q s .  ( 2 )  can be l i n e a r i z e d  w i t h  r e s p e c t  t o  
C 2  on ly  i n  t h e  i n i t i a l  p o r t i o n  of t h e  t r a j e c t o r y ,  where ( 7 ) ,  (11) 
and ( 1 2 )  are v a l i d .  Therefore ,  w e  s h a l l  subsequent ly  determine 
t h e  energy d i s t r i b u t i o n  of e l e c t r o n s  by numer ica l  i n t e g r a t i o n .  
However, even i f  t h e  f o r m  o f  t h i s  d i s t r i b u t i o n  i s  unknown, w e  can 
f i n d  i t s  dependence on t h e  t o t a l  energy E by u s i n g  ( 3 ) .  
I o n i z a t i o n  w i l l  t a k e  p lace  on ly  i n  t h e  t e r m i n a l  range of C 2  
v a l u e s .  According t o  ( 3 )  and, (111, t h e  l e n g t h  of t h i s  range de- 
creases p r o p o r t i o n a l l y  t o  E -i;+$.with d e c r e a s i n g  E and w i l l  be  
s m a l l  a t  s m a l l  v a l u e s  of E.  - T h e  p r o b a b i l i t y  d e n s i t y  of C2 
w i l l  be a smooth f u n c t i o n  of C, i n s o f a r  a s ,  acco rd ing  t o  ( 7 )  and 
(11) , i n  t h e  case o f  f i x e d  values  of  C ,  , and r ,  C, i s  p r o p o r t i o n a l  
t o  t h e  d i f f e r e n c e  i n  v e l o c i t i e s  of bo th  e l e c t r o n s .  S ince  w e  are 
i n t e r e s t e d  on ly  i n  t h e  f i r s t  t e r m  o f  t h e  expansion i n  powers of E ,  
t h i s  p r o b a b i l i t y  d e n s i t y  of C2 can be cons ide red  as be ing  c o n s t a n t  
i n  t h e  i o n i z a t i o n  range.  Then, t h e  t o t a l  i o n i z a t i o n  cross s e c t i o n  
i s  s imply p r o p o r t i o n a l  t o  t h e  l e n g t h  of t h e  range  of C 2  va lues  
l e a d i n g  t o  i o n i z a t i o n :  
which i s  p r e c i s e l y  t h e  r e s u l t  o b t a i n e d  by Wannier. I f  Z = 1, t h e n ,  
accord ing  t o  (13 )  and (14), u ioniz % E 1  1 2 7 .  The g r e a t e r  i s  Z 
t h e  c l o s e r  i s  t h i s  dependence t o  a l i n e a r  one. 
Summerizing, it can be s t a t e d  t h a t  t h e  Wannier 's  t heo ry  i s  
based on t h e  fo l lowing  f o u r  cons ide ra t ions :  
1. A t  s m a l l  va lues  of  E ,  t h e  energy dependence 05 i o n i z a t i o n  
c r o s s  s e c t i o n s  i s  determined mainly by t h e  r e g i o n  where p a r t i c l e s  
are f a r  from each o t h e r  and  t h e i r  i n t e r a c t i o n  p o t e n t i a l s  va ry  
s lowly ,  and t h e r e f o r e  t h e  motion i s  s u b j e c t  t o  t h e  l a w s  of c l a s s i -  
ca l  mechanics inasmuch as the  r e s u l t s  of  quantum and c lass ical  mecha- 
n i c s  are i d e n t i c a l  i n  t h i s  case.  
2 .  E l e c t r o n s  e n t e r  t h i s  r eg ion  w i t h  a smooth v e l o c i t y  and 
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d i r e c t i o n a l  d i s t r i b u t i o n  w h i c h  f o r  s m a l l  va lues  o f  E can be p r i n -  
c i p a l  term of t h e  expansion i s  t he  on ly  one of i n t e r e s t ,  i f  con- 
s i d e r e d  as independent  of E .  
3. A t  s m a l l  v a l u e s  of E ,  on ly  those t ra jec tor ies  lead t o  
i o n i z a t i o n  which pas s  i n  their  i n i t i a l  p o r t i o n ,  through t h e  r e g i o n  
where l i n e a r i z e d  s o l u t i o n  of (11) and ( 1 2 )  are a p p l i c a b l e .  
4 .  The l a w  o f  s i m i l a r i t y  (3)  can be used t o  f i n d  the energy 
dependence of i o n i z a t i o n  cross s e c t i o n s .  
COMPLEMENTARY ANGLE AND ENERGY D I S T R I B U T I O N  O F  
ELECTRONS AFTER I O N I Z A T I O N  
I f  C 3  = C, = 0 t he  e l e c t r o n s  escape  i n  o p p o s i t e  d i r e c t i o n s  
and t h e  ang le  O,, between t h e i r  r a d i i  a t  i n f i n i t y  i s  e q u a l  t o  T .  
When C ,  and C 4  are s m a l l ,  t he  d i f f e r e n c e  g 1 2 - 3  i s  s m a l l  and depends 
l i n e a r l y  on C 3  and C, ( i f  C ,  and C, are f i x e d ) ,  s i n c e  t h e  equa t ion  
of  motion can be l i n e a r i z e d  w i t h  r e s p e c t  t o  Br ( independent ly  of 
t h e  q u a n t i t y  A r ) .  
and C,, t h e  d i f f e r e n c e  O 1 2 - x  decreases, wi th  d e c r e a s i n g  E.  The 
LAY_ 
term w i t h  C 3  dec reases  p r o p o r t i o n a l l y  t o  E 4  ' ' .  and t h e  t e r m  C 4  
p r o p o r t i o n a l l y  t o  E b  I f  2 2' 3 ,  t hen  0 < v  <T and a t  s m a l l  
v a l u e s  of E ,  when t h e  more r a p i d l y  dec reas ing  tern C3 czn be disre- 
garded  0 1 2  --x -C4EL-H. If Z = 1 o r  2 ,  t hen  v is  an imaginary va lue  
and O,, --;I dec reases  p r o p o r t i o n a l l y  t o  E', o s c i l l a t i n g  through ze ro  
I n  t h e  l i n e a r i t y  r e g i o n ,  a t  f i x e d  v a l u e s  of C 3  
1-x 1 . 
1 v  
1 
l v l  - 
i n  v i e w  of t h e  t e r m s  Ef'-2- . 
For  c o n s t a n t  C i  form of t h e  complementary ang le  d i s t r i b u t i o n  
i s  determined by t h e  p r o b a b i l i t y  d e n s i t i e s .  S ince  a t  s u f f i c i e n t l y  
s m a l l  e n e r g i e s  the  dependence of t h e  d i f f e r e n c e  fi12 --.Z on C 3  and C 4  
w i l l  be l i n e a r  i n  most cases, t h e  f o r m  of t h e  a n g u l a r  d i s t r i b u t i o n  
w i l l  n o t  change w i t h  decreas ing  E b u t  w i l l  on ly  become p r o p o r t i o n a l  
t o  LT-r, provided 2 2 3. o r  propoxt iona l  t o  E I n  
t h e  l a t t e r  case t h e  o s c i l l a t i n g  t e r m s  E i i T  w i l l  n o t  cause  f l u c t u -  
a t i o n s  i n  t h e  angu la r  d i s t r i b u t i o n  inasmuch as t h e y  are m u l t i p l i e d  
by C,  and C 4 ,  which are a l s o  complex and whose phases  undergo random 
v a r i a t i o n s .  
+ 1 v  when Z = 1 o r  2 .  
Iv I 
As a r e s u l t ,  by s tudy ing  t h e  motion i n  the r e g i o n  where c lass i -  
ca l  mechanics are a p p l i c a b l e  it i s  p o s s i b l e  t o  determine how t h e  
complementary angu la r  d i s t r i b u t i o n  narrows down w i t h  an i n c r e a s e  i n  
E ,  b u t  i n  o r d e r  t o  f i n d  t h e  form of t h i s  d i s t r i b u t i o n  it i s  also 
n e c e s s a r y  to solve the  problem i n  t h e  "quantum-mechanical" r eg ion .  
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On t h e  o t h e r  hand, t h e  d i s t r i b u t i o n  of  energy among elec- 
t r o n s  can be found by s o l v i n g  only t h e  equa t ion  of c lass ica l  mecha- 
n i c s .  A s  w a s  shown ear l ie r ,  only t h e  one c o n s t a n t  C, ,  t h e  proba- 
b i l i t y  d e n s i t y  of which can  be cons idered  a s  c o n s t a n t ,  determines 
t h e  energy d i s t r i b u t i o n  a t  small  va lue  o f  E.  The re fo re ,  Eq . (2)  
must be i n t e g r a t e d  a t  a ce r t a in  f i x e d  energy E ,  a t  t h e  i n i t i a l  con- 
d i t i o n s  (11) and ( 1 2 1 ,  a t  C ,  = C ,  = C ,  = 0 and a t  d i f f e r e n t  va lues  
of  C, ,  and t h e  energy of one  of t h e  e l e c t r o n s  ( f o r  example, t h e  f i r s t  
one) must be determined a t  i n f i n i t y  El(m) a s  a f u n c t i o n  of C,. I n  
o t h e r  words, w e  must c o n s t r u c t  a f u n c t i o n  of C 2 = f ( ~ )  ( E = T ) ,  t h e  
d e r i v a t i v e  of which i n  t h e  range 0 < i s  p r o p o r t i o n a l  t o  t h e  
p r o b a b i l i t y  t h a t  t h e  f i r s t  e l e c t r o n  e scapes  a f te r  i o n i z a t i o n  wi th  
t h e  energy E ,  (00) = E E  and consequent ly ,  y i e l d s  a f t e r  s t a n d a r d i z a t i o n  
t h e  p r o b a b i l i t y  d e n s i t y  of  t h e  re la t ive energy d i s t r i b u t i o n .  
E ,  ('4 
d i ( $  
C'P 
I t  fo l lows  from t h e  law of s i m i l a r i t y  ( 3 )  t h a t ,  a t  d i f f e r e n t  
E v a l u e s ,  f u n c t i o n s  [ ( E )  d i f f e r  only by t h e i r  c o n s t a n t  f a c t o r  and 
t h e r e f o r e  f o r  s m a l l  v a l u e s  of E t h e  f o r m  of energy d i s t r i b u t i o n  i s  
independent  of E. To f i n d  the  form of t h i s  d i s t r i b u t i o n ,  E q s .  ( 2 )  
w e r e  numer i ca l ly  i n t e g r a t e d  on a BESM-2M e l e c t r o n i c  computer. 
When C, = C 4  = 0 ,  t h e  motion t a k e s  p l a c e  a long  a s i n g l e  s t r a i g h t  , 
l i n e  and E q s .  ( 2 )  are reduced t o  
z 1 
r1=-- rf 4- (r1 + rz)? ; 
and when C, = 0 ,  t h e  i n i t i a l  va lues  of (11) , (12), are expres sed  
i n  t h e  f o r m  
3 P -  
rl,2 = r - i c2 rT+ ; 
where 
The numerical  i n t e g r a t i o n  w a s  c a r r i e d  o u t  by Runge-Kutta's 
f o u r t h  o r d e r  method w i t h  Merson's [lo] m o d i f i c a t i o n .  The i n t e g r a -  
t i o n  s t e p  w a s  a u t o m a t i c a l l y  s e l e c t e d  i n  such a way t h a t  t h e  error  
r e s u l t i n g  from d i s r e g a r d i n g  h igher  expansion terms i n  t h e  i n t e g r a -  
t i o n  formula do n o t  exceed 0.5.10-5. The i n t e g r a t i o n  w a s  c a r r i e d  
o u t  f o r  E = 1, s t a r t i n g  w i t h  r = 0 . 0 0 1  and ending w i t h  -r,nin > lo4 , 
where rain is  t h e  d i s t a n c e  from t h e  n e a r e s t  e l e c t r o n  t o  t h e  ion .  
: , . 
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The dependence of C, on E i s  shown i n  F igu res  1 and 2 .  Within 
t h e  l i m i t s  Z + 00 func t ion  C 2  = f ( E )  must be p r e c i s e l y  l i n e a r ,  s i n c e  
i n  t h a t  case t h e  i n t e r a c t i o n  between e l e c t r o n s  i s  n e g l i g i b l y  sma l l  
by com2arison wi th  t h e i r  i n t e r a c t i o n  w i t h  t h e  i o n .  The re fo re ,  t h e  
e n e r g i e s  of bo th  e l e c t r o n s  a r e  p re se rved  s e p a r a t e l y .  I n  t h i s  c a s e ,  
t h e  dependence of e l e c t r o n  energy a t  i n f i n i t y  on C ,  i s  l i n e a r ,  i n -  
asmuch as accord ing  t o  ( 1 6 )  i n  t h e  i n i t i a l  p o r t i o n  of t h e  t r a j e c t o r y  
t h e  s m a l l  va lues  of C, w i l l  c a u s e  s m a l l  and l i n e a r  e l e c t r o n  energy 
I:' d e v i a t i o n s  w i t h  r e s p e c t  t o  C, from _ .  
2 
A s  may be seen from F igs .  1 and 2 ,  f u n c t i o n s  C ,  = f ( E )  do n o t  
p r a c t i c a l l y  d i f f e r  f r o n  s t r a i g h t  l i n e s  even when Z +m., There fo re ,  
t h e  p r o b a b i l i t y  d e n s i t y  of  r e l a t i v e  energy d i s t r i b u t i o n  i n  t h e  
i o n i z a t i o n  range i s  p r a c t i c a l l y  c o n s t a n t  for any va lues  of Z .  In-  
s i g n i f i c a n t  d e v i a t i o n s  from a c o n s t a n t  va lue  increase as Z dec reases .  
These d e v i a t i o n s  are ze ro  when E = 0 . 5  and reach  maximum v a l u e s  
when E = 0 and E = 1. But even t h e n ,  when Z = 1, t h e s e  d e v i a t i o n s  
are s m a l l e r  t han  1%. 
i 
F ig .1 .  
Dependence of C 2  on 
Fig.2. 
Dependence of C2 on E 
when Z = 1 and Z = 5 z = 0.3. 
when 
F igure  2 shows t h e  dependence of C, on E found fo rma l ly  by 
s o l v i n g  t h e  problem f o r  Z = 0.3. I t  w a s  found t h a t  i n  t h i s  case 
. b .  
I 
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t h e  change i n  t h e  p r o b a b i l i t y  d e n s i t y  i s  g r e a t e r  t han  f o r  Z = 1, 
b u t  even then  t h e  changes a r e  i n s i g n i f i c a n t  and are less than  2 % .  
For siiiali E w e  nay f i n d  b y  t h e  b ? m n i e r ’ s  method n o t  on ly  t h e  
energy d i s t r i b u t i o n  of e l e c t r o n s  e scap ing  a f t e r  i o n i z a t i o n  b u t  
de te rmine  a l s o  t h e  p r o b a b i l i t i e s  of e x c i t a t i o n  of h i g h l y  e x c i t e d  
l e v e l s .  For  t h i s  purpose,  it is necessa ry  t o  c a l c u l a t e  / ( E )  f o r  
n e g a t i v e  v a l u e s  of E .  
( 3 )  and (11) f o r  o t h e r  ene rg ie s  C, = = E 2  It (m)!E).. The p r o b a b i l i t y  
of e x c i t a t i o n  o f  t h e  n-th Bohr level wi th  such a low energy En, t h a t  
t h e  motion can be cons idered  i n  a q u a s i c l a s s i c a l  manner, i s  t h e n  
p r o p o r t i o n a l  t o  
If f o r  E = 1 c,==f(E,(m)), then  according t o  
1 L-- 
’ 4 (4 where  / ‘ ( E ) =  7 
s e c t i o n  i s  p r o p o r t i o n a l  t o  E 2  ‘ [ f ( O ) - f ( + ) ]  w i t h  t h e  sane p r o p o r t i o -  
n a l i t y  f a c t o r .  F igu re  3 shows /(&),found numer i ca l ly  f o r  Z = 1 and 
n e g a t i v e  E v a l u e s .  A s  may be seen ,  f u n c t i o n  / ( E )  does n o t  d e v i a t e  
much from a l i n e a r  dependence and i t s  d e r i v a t i v e  f ‘ (d  i s  almost  cons- 
t a n t .  Therefore ,  i f  E, i s  of t h e  same o r d e r  o r  smaller than  E t h e  
p r o b a b i l i t y  of e x c i t a t i o n  o f  t h e  n-th l e v e l - i s  s imply p r o p o r t i o n a l  
t o  t h e  d i s t a n c e  between neighboring levels ];*+I -!I, and v a r i e s  s lowly  
wi th  energy v a r i a t i o n ,  namely a s  E 2  ( i . e .  E o * 1 2 7 - - * w h e n  Z = 1). 
The d e v i a t i o n s  of Y ( E ) ,  from l i n e a r i t y  i n c r e a s e  as 1. i n c r e a s e s .  When 
1.1 >> 1 !(E) must i n c r e a s e  a s  I & I *  4 ( i . e .  - I E I  i-‘27-. when Z = 1) s i n c e  
‘when E,>>E, t h e  p r o b a b i l i t y  of e x c i t a t i o n  must be weakly dependent 
on E .  
L e t  us n o t e  t h a t  t h e  t o t a l  i o n i z a t i o n  c r o s s  
P 1 - _- 
P 5  --+ 
P 1  --- 
-3  -2 -1 
95 
Fig .  3 .  Dependence of C, on E i n  i o n i z a t i o n  and e x c i t a t i o n  
ranges wi th  Z = 1. 
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The s i g n i f i c a n t  f e a t u r e  of Wannier’s t heo ry  i s  t h e  f ac t  
t h a t  e l e c t r o n s  e scape  f r o m  t h e  i o n  i n  oppos i t e  d i r e c t i o n  as a 
r e s u l t  o f  mutual r e p u l s i o n ,  i . e .  as t h e  e l e c t r o n s  d r i f t  f a r t h e r  
away from t h e  i o n  approaches T and 6 r / r  approaches zero .  
Therefore  t h e  l a w s  02 t h re sho ld  behavior  t hus  o b t a i n e d  are a p p l i -  
c a b l e  on ly  when E va lues  are so s m a l l  t h a t ,  i n  t h e  r e g i o n  lU(rl,r2)!>G 
where t h e  motion does n o t  depend on E ,  6 r / r  ha s  t i m e  t o  dec rease  
s u f f i c i e n t l y ,  i . e . ,  so  t h a t  a l i n e a r i z e d  s o l u t i o n  o f  ( 1 2 )  may be  
a p p l i c a b l e  f o r  most t ra jector ies  of i n t e r e s t  t o  us .  
To determine how f a s t  6 r / r  d e c r e a s e s  i n  p r a c t i c e  w e  have 
i n v e s t i g a t e d  equa t ions  of  motion ( 2 )  f o r  Z = 1 v a l u e s  when E = L = 0 
and r1 = r? a l l  t h e  t i m e  by numerical ly  i n t e g r a t i n g  t h e  cases 
of  such i n i t i a l .  
1 r r 
The dependence Q F - (012 - ‘rc) OT - on - t h u s  o b t a i n e d  i s  shown 2 T O  TO 
i n  F igu re  4 .  
t h e  i o n  and ro  i s  o n e  of t h e  va lues  o f  r a t  which 6,,=0. 
t o  ( 3 1 ,  when E = 0 ,  t h e .  t r a j e c t o r i e s  w i t h  d i f f e r e n t  ro  v a l u e s  are 
s imi la r  i n  shape b u t  t h e i r  dimensions a r e  p r o p o r t i o n a l  t o  ro .  
This  i s  why t h e  t ra jector ies  with d i f f e r e n t  i n i t i a l  c o n d i t i o n s  
g i v e  i n  F ig .4  a one-parameter f ami ly  of curves  Q (k) with  d i f f e -  
r e n t  h e i g h t s  of $(l> peaks when r = ro .  
takes p l a c e .  Otherwise t h e  energy of r e p u l s i o n  between e l e c t r o n s  
i s  g r e a t e r  t han  t h e  energy of t h e i r  a t t r a c t i o n  t o  t h e  i o n ,  which 
i s  imposs ib l e  when E = 0 .  The lower curves i n  Fig.4 are close t o  
a l i n e a r i z e d  s o l u t o n  of ( 1 2 )  which, s u b s t i t u t i n g  C 3  and C4 by 
o t h e r  c o n s t a n t s  A and r O ,  can be w r i t t e n  i n  t h e  form: 
H e r e ,  r i s  t h e  d i s t a n c e  between t h e  e - lec t ron  and 
According 
f 
Q < $ r , , a x = a r C C E r  always 
The behavior  of J, i n  (18 )  when r i n c r e a s e s  i s  determined 
‘ 1  
- 
_- 
mainly by t h e  dec reas ing  term r ‘ .  The cos ine  agreement varies 
s lowly  and incre.ases by when r rises 1 3 0  t i m e s .  S ince  such 
r h igh  v a l u e s  of - are n o t  shown i n  Fig.4 f o r  t h e  lower cu rves ,  
r0 
on ly  t h e  d iminish ing  b u t  n o t  t h e  complementary o s c i l l a t o r y  charac-  
t e r  of t h e s e  curves  can  be seen. According t o  F ig .4 ,  t h e  depar- 
t u r e s  of t h e  s o l u t i o n s  from (18) i n c r e a s e  as $(l) i n c r e a s e s  and 
t h e  o s c i l l a t i o n s  become more r a p i d .  The ampli tude of o s c i l l a t i o n s  




. -  I 
0 
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l o w e r  t han  t h e  preceeding  one*). There fo re ,  a t  s u f f i c i e n t l y  
g r e a t  v a l u e s  of r ,  t h e  motion t akes  p l a c e  accord ing  t o  l i n e a r i z e d  
s o l u t i o n s .  
p a r t i c u l a r l y  if $(l) i s  c l o s e  t o  . This  fac t  may l i m i t  t h e  
r eg ion  of a p p l i c a b i l i t y  of t h e  above-mentioned t h r e s h o l d  l a w s  t o  
very  low e n e r g i e s .  
However, t h e  approximation t o  t h e s e  s o l u t i o n s  i s  s low,  
* Every curve o s c i l l a t e s  i n  an i n f i n i t e - t o - o n e  manner. I n  
o r d e r  t o  determine t h e  dependence of t h e s e  o s c i l l a t i o n s  on 
$ (1) , it i s  s u f f i c i e n t  t o  know t h e  shape of t h e  curves between 
two a d j a c e n t  peaks.  
aga in  e q u a l  t o  q ( 1 )  and i t s  p o s i t i o n  be ing  r O ,  w e  can f i n d  
t h e  h e i g h t  and t h e  p o s i t i o n  of t h e  n e x t  peak, e tc . ,  
P o s t u l a t i n g  t h e  h e i g h t  of  t h e  new peak 
15 
ENERGY D I S T R I B U T I O N  FOR THE CASE W I T H  A 
POTENTIAL r -2 
I n  o r d e r  t o  understand the  r easons  r e s p o n s i b l e  f o r  t h e  
p r a c t i c a l l y  l i n e a r  dependence of C, on E,  it i s  i n t e r e s t i n g  
t o  a s c e r t a i n  whether such a dependence i s  c h a r a c t e r i s t i c  on ly  
f o r  a Coulomb f i e l d  o r  whether it i s  observed a l s o  i n  o t h e r  
cases. 
of t h e  case when t h e  i n t e r a c t i o n  forces are i n v e r s e l y  propor- 
t i o n a l t o  t h e  cubes of t h e  d i s t a n c e s .  
l e m  of motion a long  a s i n g l e  s t r a i g h t  l i n e  ( C ,  = C, = 0 )  can 
be s o l v e d  a n a l y t i c a l l y ,  as w a s  shown by Jacob i  [ 8 ] .  I f  t h e  
vectors r l  and r 2 - r u n  i n  oppos i t e  d i r e c t i o n s ,  t h e  i n t e r a c t i o n  
p o t e n t i a l  has  t h e  form: 
This  i s  why w e  s h a l l  s tudy i n  t h i s  s e c t i o n  t h e  problem 
I n  t h i s  case, t h e  prob- 
For t h e  equa t ion  of motion 
s i m i l a r l y  t o  ( 7 )  and (ll), w e  f i n d  t h e  s o l u t i o n  
and t h e  s o l u t i o n s  close t o  the  l a t t e r  
r1.2 = (82-  I )$  t i  [I ( C I P  -i c2 w1. 
A t  the same t i m e  
The s o l u t i o n s  ( 2 2 )  s a t i s f y  ( 2 0 )  when 
1 6  
Because of t h e  l a s t  i n e q u a l i t y ,  when E # 0 ,  t h e  s o l u t i o n s  
s a t i s f y  formula ( 2 2 )  on ly  nea r  t h e  o r i g i n  of c o o r d i n a t e s .  W e  
must a s c e r t a i n  how t h e  e l e c t r o n  e n e r g i e s  depend on C ,  as t -t m ,  
i f  formula ( 2 2 )  w i t h  C 1  = 0 i s  v a l i d  f o r  s m a l l  v a l u e s  of t. - 
Mul t ip ly ing  t h e  f i r s t  equat ion  i n  ( 2 0 )  by r ,  and t h e  second 
one by r 2 ,  summing them up and s t i l l  adding t o  them t h e  fo l lowing  
e q u a t i o n s  
w e  o b t a i n  
inasmuch as t h e  sum of t h e  t e r m s  c o n t a i n i n g  U i s  z e r o  because of 
t h e  u n i f o r m i t y  o f  p o t e n t i a l s .  Pas s ing  i n  ( 2 6 )  from r l ,  and r2 
t o  t h e  new variable p and (I 
ri = ps inq  and r, = pcoscp, 
w e  o b t a i n  t h e  equa t ion  
wi th  t h e  s o l u t i o n  
1 
p2 = 2t 1 Et -+ (SZ - 1)" I ,  
which, when c o n d i t i o n s  ( 2 4 )  are m e t ,  corresponds 
c, = 0.  
(29  1 
t o  ( 2 2 )  w i t h  
In t h e  s o l u t i o n  ( 2 9 )  p does n o t  depend on C2.  Thus, w e  
f i n d  t h a t  on ly  Q depends on C 2 .  S u b s t i t u t i n g  ( 2 7 )  and ( 2 9 )  i n t o  
(25) w e  o b t a i n  an equa t ion  f o r  t h e  de t e rmina t ion  of (I (t) :
p' c$? = %A(q) - 8 2  $- 'I; ( 3 0 )  
(31) A ( q )  
- p2U = Z sin-? cp + Z c o s 2  9 - (sin (p + cos cp)-2. 
Eq.(30) i s  i n t e g r a t e d  i n  quadra tu res .  A t  i n i t i a l  c o n d i t i o n s  
( 2 2 )  w i t h  C ,  = 0 ,  t h e  s o l u t i o n  of t h i s  equa t ion  i s  t h e  fo l lowing  
e q u a l i t y  : 
W e  must pass i n  bo th  p a r t s  of e q u a l i t y  (32) t o  t h e  l i m i t  
t o  -+ 0 .  Fron (32) w e  o b t a i n  t h e  dependence between C2 and t h e  
17 
energy of t h e  f i r s t  e l e c t r o n  a t  i n f i n i t y  i n  t h e  case of  i o n i z a -  





S i m i l a r l y  t o  t h e  Coulomb c a s e ,  i t  fo l lows  from (33)  t h a t  t h e  C2 
range i n  which i o n i z a t i o n  can t a k e  p l a c e  w i t h  decrease of E dec- 
reases p r o p o r t i o n a t e l y  t o  Eu and t h a t  t h e  f o r m  ( shape)  of t h e  
p r o b a b i l i t y  d e n s i t y  of t h e  r e l a t i v e  energy d i s t r i b u t i o n  does n o t  
depend on E. 
The d e p a r t u r e  from l i n e a r i t y  of t h e  dependence of C, on E 
i s  determined by t h e  f a c t o r  3(E,Z)+in ( 3 3 ) .  According t o  (34), 
@ ( % Z )  depends on E .  However, as- can be seen  from F igure  5 ,  t h i s  
dependence i s  i n  f a c t  extremely weak.  When Z = 00 ~ ( E , w )  = 1 an6 
it does n o t  depend on E .  
0 . 9 9 4 7 ,  and when Z = 0 . 1 2 5  it v a r i e s  from 1 t o  0 . 9 5 1 0 .  
t hen  u i s  an imaginary va lue  and o u r  a n a l y s i s  i s  n o t  a p p l i c a b l e .  
When %-1 3 ( c ,  j )  varies from u n i t y  t o  
If z <l /S , -  
Thus, as i n  t h e  Coulomb case ,  t h e  p r o b a b i l i t y  d e n s i t y  of t h e  
dC2 
re la t ive  energy d i s t r i b u t i o n  - d e  i s  p r a c t i c a l l y  also c o n s t a n t  - -  
when u 1 . 
r2 




Dependence ( 3 4 )  of 3 on E and Z .  
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